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============

Nematic liquid crystals (LCs) are anisotropic liquids with long-range orientational order i.e. the constituent rod-like molecules have full translational freedom but align along certain locally preferred directions \[[@CR11], [@CR38]\]. The existence of distinguished directions renders nematics sensitive to light and external fields leading to unique electromagnetic, optical and rheological properties \[[@CR11], [@CR16], [@CR30]\]. The analysis of nematic spatio--temporal patterns is a fascinating source of problems for mathematicians, physicists and engineers alike, especially in the context of defects or material singularities \[[@CR13], [@CR16]\].

In recent years, mathematicians have turned to the analysis of the celebrated Landau--de Gennes (LdG) theory for nematic liquid crystals, particularly in various asymptotic limits: see for example \[[@CR8], [@CR10], [@CR15], [@CR24]\] which is not an exhaustive list but are directly relevant to our paper. The LdG theory is a variational theory with an associated energy functional, defined in terms of a macroscopic order parameter, known as the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensor order parameter \[[@CR11], [@CR21], [@CR38]\]. Mathematically speaking, the LdG $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensor is a symmetric traceless $\documentclass[12pt]{minimal}
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                \begin{document}$$3 \times 3$$\end{document}$ matrix. The LdG energy typically comprises an elastic energy, convex in $\documentclass[12pt]{minimal}
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                \begin{document}$${{\nabla }}\mathbf{Q}$$\end{document}$ with several elastic constants, and a non-convex bulk potential, $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$ defined in terms of the temperature and the eigenvalues of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensor \[[@CR27]\]. With the one-constant approximation for the elastic energy density, the LdG energy functional has a similar structure to the Ginzburg--Landau (GL) functional for superconductivity \[[@CR5], [@CR9], [@CR28]\] and we can borrow several ideas from GL theory to make qualitative predictions about global energy minimizers, at least away from singularities. However, there is an important distinction between the GL and LdG theories. In the GL-framework, researchers study maps, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {u}: {\mathbb {R}}^d \rightarrow {\mathbb {R}}^m$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$d,m=2,3$$\end{document}$ (see e.g. \[[@CR5], [@CR25], [@CR31]\]), whereas the LdG variable is a five-dimensional map, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}: {\mathbb {R}}^3 \rightarrow {\mathbb {R}}^5$$\end{document}$. A uniaxial $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensor has two degenerate non-zero eigenvalues and hence, three degrees of freedom and in this case, there is broader scope for transferable methodologies (see for example, \[[@CR15]\]). A biaxial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Q}$$\end{document}$-tensor has three distinct eigenvalues with five degrees of freedom and maximal biaxiality corresponds to a vanishing eigenvalue. There are a plethora of open questions about how the two extra degrees of freedom manifest in the mathematics and physics of biaxial systems.

We re-visit questions related to the uniaxial versus biaxial structure of global LdG minimizers. We work with the simplest form of the LdG energy:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I\left[ \mathbf{Q}\right] : = \int _{\Omega } \frac{L}{2} \left| {{\nabla }}\mathbf{Q}\right| ^2 + f_B\left( \mathbf{Q}\right) ~dV \end{aligned}$$\end{document}$$with the one-constant Dirichlet elastic energy density and a quartic form of the bulk potential$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_B\left( \mathbf{Q}\right) : =\frac{A}{2}{{\text {tr}}}\mathbf{Q}^2 - \frac{B}{3}{\text {tr}}\mathbf{Q}^3 + \frac{C}{4}\left( \text {tr}\mathbf{Q}^2 \right) ^2 \end{aligned}$$\end{document}$$where *A* is the re-scaled temperature, *B* and *C* are material-dependent constants \[[@CR27]\]. The bulk potential, $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$, is minimized by uniaxial tensors of a constant norm for low temperatures i.e. for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$ is minimized on the set of uniaxial tensors $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}_{\min }$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\mathbf{Q}_{\min }|^2 = \frac{2}{3} s_+^2$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$$s_+$$\end{document}$ can be explicitly worked out in terms of *A*, *B*, *C* \[[@CR4], [@CR22], [@CR27]\]. We work with large domains, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \subset {\mathbb {R}}^3$$\end{document}$, whose characteristic length *D* is much larger than the temperature-dependent biaxial correlation length, $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _b = \sqrt{\frac{L}{B s_+}}$$\end{document}$ \[[@CR17], [@CR18]\] i.e. we assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{D}{\xi _b} \gg 1$$\end{document}$. We first present some heuristics (known in the literature) to motivate our rigorous results. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$I_{eq}$$\end{document}$ denote the LdG energy of a bulk equilibrium i.e. a spatially homogeneous state that minimizes $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$ at a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A<0$$\end{document}$. Scaling the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensors according to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}= \sqrt{\frac{2}{3}}s_+ \bar{\mathbf{Q}}$$\end{document}$, we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I\left[ \mathbf{Q}\right] - I_{eq}: = s_+^2 \int _{\Omega } \frac{L}{2}\left| {{\nabla }}\bar{\mathbf{Q}} \right| ^2 + \frac{\left| A\right| }{6}\left( 1 - \left| \bar{\mathbf{Q}} \right| ^2 \right) ^2 + \frac{B s_+}{54}\left( 1 + 3 \left| \bar{\mathbf{Q}}\right| ^4 - 4\sqrt{6} {\text {tr}}\bar{\mathbf{Q}}^3 \right) ~dV. \end{aligned}$$\end{document}$$In the language of length scales commonly adopted in the literature \[[@CR17], [@CR18]\], the uniaxial correlation length, $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _u \sim \sqrt{\frac{L}{|A|}}$$\end{document}$, and if we work with $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _u \ll \xi _b \ll D$$\end{document}$, then the expression for $\documentclass[12pt]{minimal}
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                \begin{document}$$I[\mathbf{Q}] - I_{eq}$$\end{document}$ above suggests that it is energetically preferable to have $\documentclass[12pt]{minimal}
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                \begin{document}$$|\bar{\mathbf{Q}}|^2 =1 $$\end{document}$ almost everywhere and to overcome topological frustration by allowing for biaxiality within small regions of size proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _b$$\end{document}$. In other words, we would expect LdG minimizers in this regime to have constant norm and defect cores to have biaxial structures with size dictated by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _b$$\end{document}$.

We work with a dimensionless temperature and material-dependent parameter$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t = \frac{27 \left| A\right| C}{B^2}. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
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                \begin{document}$$h_+ = \frac{3 + \sqrt{9 + 8t}}{4}$$\end{document}$ and a direct calculation shows that $\documentclass[12pt]{minimal}
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                \begin{document}$$s_+ = \frac{B}{3C} h_+$$\end{document}$. Then the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _u \ll \xi _b$$\end{document}$ is equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$$t\gg 1$$\end{document}$, which in turn is equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| T - T_{IN} \right| \gg \left| T_{IN} - T_* \right| $$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{IN}$$\end{document}$ is the isotropic-nematic transition temperature and $\documentclass[12pt]{minimal}
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                \begin{document}$$T_*$$\end{document}$ is another critical temperature \[[@CR17], [@CR18]\]. In the literature, this is referred to as being "deep in the nematic phase" and this separation of scales can be achieved if *B* is an order of magnitude smaller than \|*A*\| and *C* (also see \[[@CR14]\]). This assumption can be true for some commonly used liquid crystal materials \[[@CR18]\]. Indeed, this assumption forms the basis of the popular *Lyuksyutov* constraint in the literature where authors work with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensors of a fixed norm \[[@CR17], [@CR18]\] i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| \mathbf{Q}\right| ^2 = \frac{\left| A\right| }{C} \end{aligned}$$\end{document}$$for sufficiently negative $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _u \ll \xi _b \ll D$$\end{document}$ and perform an asymptotic analysis of global LdG minimizers in the $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$ limit, for a fixed value of the ratio, $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{D}{\xi _0}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _0$$\end{document}$ is a characteristic material-dependent length scale often referred to as the bare biaxial correlation length \[[@CR17]\]. We note that *t* cannot be unbounded but as with any asymptotic analysis, it is reasonable to expect that an analysis in the $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$ limit provides at least qualitative information for physically relevant large values of *t*, as have often been quoted in the literature. We can interpret this asymptotic limit in at least two different ways. One interpretation is to keep *B*, *C*, *L* fixed and vary the temperature, in terms of *A*. In the "deep nematic phase", one could argue that the re-scaled temperature, \|*A*\|, is larger than *B* and *C* and therefore, *t* is large (say $\documentclass[12pt]{minimal}
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                \begin{document}$$t \sim 10$$\end{document}$; see \[[@CR14]\]) and we might hope that our asymptotic analysis sheds qualitative insight into equilibrium properties for large but bounded values of *t*. For example, the celebrated biaxial torus solution on a three-dimensional droplet has been numerically reported in \[[@CR14], [@CR17], [@CR18]\] for large values of *t* and our rigorous results reproduce some qualitative features of the biaxial torus in this asymptotic limit. In \[[@CR14]\], the authors plot the eigenvalues of the biaxial torus solution away from the droplet centre and they find that the solution is uniaxial with positive order parameter at the droplet centre, followed by a torus of maximal biaxiality which contains an uniaxial ring of negative scalar order parameter; the biaxial torus then relaxes to match the imposed uniaxial Dirichlet radial boundary conditions. The uniaxial ring of negative order parameter contained within the biaxial torus is often referred to as a defect. Indeed private communication \[[@CR16], [@CR33]\] suggests that experimentalists have now observed the biaxial torus solution. We rigorously prove the co-existence of both maximal biaxiality and uniaxiality near each singular point (to be interpreted appropriately) of a global LdG minimizer on an arbitrary three-dimensional domain with uniaxial Dirichlet boundary conditions, and whilst this does not recover the structure of the biaxial torus solution, this is consistent with the picture of a torus of maximal biaxiality that contains a uniaxial ring of negative scalar order parameter.

We note that the eigenvalues of the minimizers of the bulk potential $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$ in ([2](#Equ2){ref-type=""}) respect physical bounds if and only if \[[@CR22], [@CR38]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{3}\left( B - 2C\right) \le A \le \frac{B^2}{24 C}. \end{aligned}$$\end{document}$$If one were to work with $\documentclass[12pt]{minimal}
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                \begin{document}$$A \ll 0$$\end{document}$ i.e. with very low temperatures for fixed *B* and *C*, then the physicality constraints on the eigenvalues are violated. In this case, the bulk potential $\documentclass[12pt]{minimal}
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                \begin{document}$$f_B$$\end{document}$ in ([2](#Equ2){ref-type=""}) could be replaced by the Ball--Majumdar potential introduced in \[[@CR2]\], the advantage being that the minimizers of the Ball--Majumdar potential respect the physical constraints on the eigenvalues for all temperatures. We expect the analysis in this paper to aid future work on these lines.

The other interpretation is to work with materials such that $\documentclass[12pt]{minimal}
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                \begin{document}$$B \propto \sqrt{\frac{L B_0}{D^2}}=o(1)$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ is some reference value for *B*, keeping \|*A*\| and *C* fixed. This condition is compatible with ([4](#Equ4){ref-type=""}) and large values of *t* if one works with materials for which $\documentclass[12pt]{minimal}
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                \begin{document}$$C>0$$\end{document}$ are fixed and consistent with ([4](#Equ4){ref-type=""}). In particular, the physicality constraints on the eigenvalues can be respected with such an interpretation of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \rightarrow \infty $$\end{document}$ limit, for domains with $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _u \ll \xi _b \ll D$$\end{document}$.

Next, we briefly summarize the main results of this paper. We work with fixed topologically non-trivial Dirichlet boundary conditions, that are minimizers of the potential, $\documentclass[12pt]{minimal}
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                \begin{document}$$A<0$$\end{document}$. We first prove that global LdG minimizers converge uniformly to a (minimizing) limiting harmonic map, away from the singular set of the limiting harmonic map, in this asymptotic limit. The singular set of a minimizing harmonic map is a finite set of isolated points \[[@CR6], [@CR34]\]. The uniform convergence follows from a Bochner-type inequality for the LdG energy density, first derived in \[[@CR24]\] in the so-called vanishing elastic constant limit. We have two new cases to consider compared to \[[@CR24]\], whilst deriving the Bochner inequality, see Cases II and III of Lemma [3.3](#FPar7){ref-type="sec"}, since we are studying a different asymptotic limit. The uniform convergence gives a fairly good picture away from the singular set of the limiting harmonic map. The next step is to adapt arguments from \[[@CR10]\] to prove that the norm of a global LdG minimizer converges uniformly to a constant value, everywhere on $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$ limit, yielding a rigorous justification of the common Lyuksyutov constraint in the literature. In this spirit, one may refer to our limit as the *Lyuksyutov limit*. In \[[@CR10]\], the authors prove the global LdG minimizers have at least a point of maximal biaxiality, in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$ has a vanishing eigenvalue (see \[[@CR26], [@CR38]\]). We do not attempt to prove rigorous results about the Hausdorff measure or dimension of the regions of maximal biaxiality or uniaxiality i.e. do we have a biaxial torus or an uniaxial ring near each defect, since this is outside the scope of this paper. We make the notion of "strongly biaxial" regions in global minimizers more precise by computing estimates for the size of such regions in terms of *t*. The proof depends on scaling and blow-up arguments and well-established results in GL-theory and the theory of harmonic maps (e.g. \[[@CR6], [@CR34]\]). We consider all admissible scenarios and exclude all but one scenario, to find that the size of "strongly biaxial" regions scales as $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _b $$\end{document}$, as would be expected on physical grounds \[[@CR17], [@CR18]\] (see Sect. [2](#Sec2){ref-type="sec"} for precise statement).

Our second theorem generalizes the results in \[[@CR15]\] to arbitrary 3D geometries with topologically non-trivial Dirichlet conditions. There exists a global LdG energy minimizer in the restricted class of uniaxial $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Q}$$\end{document}$-tensors, for all material constants and temperatures. We show that these restricted minimizers cannot be stable critical points of the LdG energy for sufficiently large *t* in ([3](#Equ3){ref-type=""}), for fixed *L* in ([1](#Equ1){ref-type=""}). Appealing to topological arguments, we prove that any uniaxial critical point of the LdG energy, subject to the hypotheses of Proposition [2.1](#FPar4){ref-type="sec"}, has an isotropic point (with $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$. We then proceed with a local version of the global analysis in \[[@CR15]\], equipped with certain energy quantization results for harmonic maps \[[@CR6]\] and blow-up techniques, to deduce the local radial-hedgehog (RH) profile near each isotropic point and the instability of the RH profile for large *t* suffices to conclude the argument. In \[[@CR20]\], the author rules out uniaxial critical points in one and two dimensional domains but the RH solution is an example of a semi-explicit uniaxial critical point (excluding an isolated isotropic point) on a 3D droplet and hence, uniaxial critical points in 3D remain of interest.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we review the theoretical background and state our main results. In Sect. [3](#Sec3){ref-type="sec"}, we give the proofs and in Sect. [4](#Sec4){ref-type="sec"}, we conclude with future perspectives.

Statement of results {#Sec2}
====================
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                \begin{document}$$\begin{aligned} \left| \mathbf{Q}\right| ^2 = \mathbf{Q}_{ij} \mathbf{Q}_{ij} \quad i,j=1\ldots 3 \end{aligned}$$\end{document}$$and we use the Einstein summation convention throughout the paper.

We work with the Landau--de Gennes (LdG) theory for nematic liquid crystals \[[@CR11]\] whereby a LC state is described by a macroscopic order parameter: the $\documentclass[12pt]{minimal}
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                \begin{document}$$S_0$$\end{document}$ in ([5](#Equ5){ref-type=""}). A LC state is said to be (i) isotropic (disordered with no orientational ordering) when $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta ^2 = 1 - \frac{6 \left( {{\text {tr}}}\mathbf{Q}^3\right) ^2}{\left| \mathbf{Q}\right| ^6} \in \left[ 0, 1 \right] . \end{aligned}$$\end{document}$$The definition ([8](#Equ8){ref-type=""}) is commonly accepted in the literature and works well to differentiate biaxial phases from uniaxial phases since $\documentclass[12pt]{minimal}
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The LdG theory is a variational theory and has an associated LdG free energy. The LdG energy density is a nonlinear function of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L>0$$\end{document}$ is a small material-dependent elastic constant, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{{\nabla }}\mathbf{Q}|^2 = \mathbf{Q}_{ij,k}\mathbf{Q}_{ij,k}$$\end{document}$ (note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In what follows, we take the Dirichlet boundary condition to be$$\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
------------
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We have two main theorems.

Theorem 1 {#FPar2}
---------
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An immediate consequence is that global energy minimizers cannot be purely uniaxial, as also stated in \[[@CR10]\] where the authors prove that global LdG minimizers must have at least a point of maximal biaxiality.

Theorem 2 {#FPar3}
---------
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Theorem [2](#FPar3){ref-type="sec"} is a consequence of Proposition [2.1](#FPar4){ref-type="sec"} below and Propositions 3 and 8 of \[[@CR15]\].
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Proposition [2.1](#FPar4){ref-type="sec"} provides a local description of the structural profile near a set of isotropic points in the uniaxial critical points, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Q}_j$$\end{document}$, in terms of the well-known RH solution. The RH solution is a rare example of a semi-explicit critical point of the LdG energy simply given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf {H}(\tilde{\mathbf {x}}):=\sqrt{\frac{3}{2}} h\left( \left| \tilde{\mathbf {x}}\right| \right) \left( \frac{ \tilde{\mathbf {x}} \otimes \tilde{\mathbf {x}}}{\left| \tilde{\mathbf {x}}\right| ^2} - \frac{\mathbf {I}}{3} \right) , \quad \tilde{\mathbf {x}} \in \mathbb {R}^3, \end{aligned}$$\end{document}$$where *h* is defined as in ([24](#Equ24){ref-type=""}). The boundary-value problem ([24](#Equ24){ref-type=""}) has been studied in detail, see for example in \[[@CR19], [@CR23]\]. The RH solution is locally unstable with respect to biaxial perturbations, as has been demonstrated in \[[@CR22], [@CR26]\].

Proof of the theorems {#Sec3}
=====================
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The key step is to prove a Bochner inequality of the form

Lemma 3.3 {#FPar7}
---------

There exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\epsilon }_1>0$$\end{document}$ and a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$ independent of *t* such that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {Q}\in C^3(\Omega ; S_0)$$\end{document}$ is a solution of ([30](#Equ30){ref-type=""}), then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\triangle e\left( \mathbf{Q}, t \right) \left( \mathbf{x}\right) \le C e^2\left( \mathbf{Q}, t \right) \left( \mathbf{x}\right) \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {x}\in \Omega $$\end{document}$ satisfying$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1- {\epsilon }_1 \le \left| \mathbf{Q}(\mathbf {x})\right| \le 1. \end{aligned}$$\end{document}$$

This inequality is proven in \[[@CR24], Lemmas 5--7\] in the case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Q}_j$$\end{document}$ is close to the manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Q}_{\min }$$\end{document}$, defined in ([28](#Equ28){ref-type=""}), which does not necessarily hold in our case as explained below.

Proof of Lemma 3.3 {#FPar8}
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Lemma 3.4 {#FPar9}
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Proof of Proposition 3.2 {#FPar10}
------------------------
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-----
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Proof {#FPar14}
-----

The proof follows from the celebrated energy quantization result for minimizing harmonic maps at singular points, established in \[[@CR6]\]:$$\documentclass[12pt]{minimal}
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Proof of Theorem 2 {#FPar16}
------------------
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Proposition 3.7 {#FPar18}
---------------
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This yields the conclusion of Proposition [2.1](#FPar4){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Conclusions {#Sec4}
===========

Theorem [1](#FPar2){ref-type="sec"} focuses on global LdG minimizers on arbitrary 3D domains, with arbitrary topologically non-trivial Dirichlet conditions, subject to fixed $\documentclass[12pt]{minimal}
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We briefly explain how our results are related to the celebrated biaxial torus structure of nematic defect cores reported in \[[@CR14], [@CR17], [@CR32], [@CR37]\]. The biaxial torus has been largely reported in 3D droplets although one could conjecture that it is a generic defect structure independent of geometry. The biaxial torus usually describes a uniaxial ring of negative scalar order parameter enclosed by a torus of maximal biaxiality, as has been suggested by the exhaustive work in \[[@CR14], [@CR17], [@CR32], [@CR37]\]. There is no rigorous proof of the existence of such a biaxial torus and our results are only a first step in that direction. In Theorem [1](#FPar2){ref-type="sec"}, we prove the co-existence of maximal biaxiality and uniaxiality near each singular point of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Q}^0$$\end{document}$, which is at least consistent with the biaxial torus picture. Indeed, rigorous analytical results such as ours could motivate experimentalists to probe into defect cores, in quest of the biaxial torus or indeed other defect structures, which may have the qualitative properties proven in Theorem [1](#FPar2){ref-type="sec"}.

Theorem [2](#FPar3){ref-type="sec"} is a statement on global LdG minimizers of ([17](#Equ17){ref-type=""}) within the restricted class of uniaxial $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$ limit. These constrained uniaxial minimizers exist although they need not be critical points of the LdG energy. Indeed, uniaxial solutions of ([15](#Equ15){ref-type=""}) are, in general, difficult to find but the RH solution is a 3D uniaxial critical point of the LdG energy i.e. is a solution of the system ([15](#Equ15){ref-type=""}) of the form ([7](#Equ7){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$r>0$$\end{document}$ on a 3D droplet \[[@CR14], [@CR15], [@CR20]\]. Indeed, one could imagine a continuous uniaxial perturbation of the RH solution that remains a solution of the system ([15](#Equ15){ref-type=""}), at least in an approximate sense which needs to be carefully defined. In the absence of a rigorous exclusion of generic uniaxial critical points in 3D, Theorem [2](#FPar3){ref-type="sec"} and Proposition [2.1](#FPar4){ref-type="sec"} have a twofold purpose: (i) firstly, they rule out the stability of such uniaxial critical points, if they can be constructed and (ii) secondly, they establish the universal RH-type defect profiles for such uniaxial critical points with specific properties as in Theorem [2](#FPar3){ref-type="sec"} (if they exist). We hope to make rigorous studies of uniaxial and biaxial defect profiles, in differents asymptotic limits, in future work.
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